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The non-minimal coupling of the inflaton to gravity, ξRφ2, is known to alleviate
the smallness (fine-tuning) of the quartic coupling λ in the chaotic inflation with φ4
potential. A large ξ is required to obtain the correct CMB power spectrum while
we find that a small value ∼ 1/6 seems to be preferred from spectral index. There
are issues related to conformal transformations, choice of frame and natural value(s)
of ξ for a given potential. We revisit some of these issues and invoke certain field
theoretic arguments in order to address the same. A rather strong and general
conclusion reached, based on the requirements of renormalizability and finiteness of
specific matrix elements in a quantum theory, is that it is generically not possible to
eliminate the non-minimal coupling by going from the Jordan to the Einstein frame
via conformal transformations. We also comment on Higgs inflation.
The standard inflationary scenario (see [1] for a review) provides a good description of the
observed universe, including the cosmic microwave background (CMB) spectrum and growth
of structure. For chaotic inflation with a quartic potential, V (φ) = λφ4, (with inflation
taking place around the typical grand unified theory (GUT) scale) requires λ ∼ few×10−13.
This value seems significantly smaller than the natural value expected within a reasonable
particle physics scenario. For example, in the standard model (SM), the Higgs quartic
coupling ∼ 0.1 at the weak scale. This essentially is at the heart of the problem. In all what
has been said above, the coupling of the matter (scalar field here) to gravity is minimal. It
was recognised long ago [2] that allowing for non-minimal coupling of the inflaton with the
gravity sector can soften the problem related to abysmally small value of λ (see also [3]).
Specifically, the action now takes the form
S(J) =
∫
d4x
√−g
{
1
2
(
1
κ2
− ξφ2)R + 1
2
(∂φ)2 − V (φ)
}
(1)
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2where κ2 = 8πG, R is the Ricci scalar, φ is a single component real scalar field and V (φ) =
λφ4. The superscript (J) refers to the Jordan frame and reflects fact that the gravity
sector is no longer of the Einstein-Hilbert form i.e.
√−gR form. ξ = 0 leads to the minimal
coupling while ξ = 1/6 is referred to as conformal coupling since the classical action possesses
conformal invariance. At this point it is instructive to mention that in the Higgs inflation
models [4], the Higgs potential is assumed to be a quartic one since at large field values
(φ >> v, with v being the Higgs vev), the quadratic term can be safely neglected. All the
discussion will be centered around a quartic potential. Most of the aruments made below
are expecetd to qualitatively apply to other potentials as well, though some care must be
exercised.
A conformal transformation gµν → gˆµν = Ω2(x)gµν could be made with a suitable Ω to
bring the above Jordan frame action to the corresponding Einstein frame action such that
there is no non-minimal term (for a review see [5]). Below all the hatted quantities refer to
Einstein frame. In the present case, identifying
Ω2(x) = Ω[φ(x)] = 1− κ2ξφ2 (2)
and redefining the metric gets rid of the non-minimal term altogether. There is a price to
pay, however. The scalar field is no longer canonically normalised. This could be fixed by
redefining the scalar field as well:
dφˆ =
[1− κ2ξ(1− 6ξ)φ2]1/2
Ω2
dφ (3)
With this redefinition of the metric and the scalar field, the action in the Einstein frame
reads
S(E) =
∫
d4xˆ
√
−gˆ
{
1
2
(
1
κ2
Rˆ +
1
2
(∂φˆ)2)− Vˆ (φˆ)
}
(4)
where the potential now takes the form
Vˆ (φˆ) =
V (φ)
(1− κ2ξφ2)2 (5)
As is evident from Eq.(4), in this frame, ξˆ = 0 though the potential is no longer in the
polynomial form. In particular, for the quartic potential and also Higgs inflation (where
again the potential in the Jordan frame is approximated to the quartic form), the poten-
tial obtained after the conformal transformations (expressed in terms of the redefined field
variable) is very flat if ξ >> 1. This then leads to successful inflation.
3The actions in the Jordan and the Einstein frame are related to each other by vari-
able/field redefinitions and therefore are expected to be equivalent. This equivalence is only
up to the additive boundary terms [6], and care must be exercised in dealing with these,
particularly when going beyond the tree level results. In particular, they are expected to
yield identical results for any physical quantity like the CMB power spectrum, spectral in-
dex (ns). In fact, it can be shown that the gauge invariant curvature perturbation in the
Einstein frame coincides with that in the Jordan frame i.e. ζˆ(xˆ) = ζ(x) [3], [7]. The only
missing piece in establishing the equivalence of the physical quantities in the two frames at
the quantum level is to show that the two vacua are identical. At least in the perturbative
sense, it can be shown that for interacting theories, |0ˆ〉 = |0〉 [8]. Therefore, the power
spectrum calculated in either frame is the same, given by (assuming for simplicity a scale
invariant spectrum and not showing insignificant dependence on the scale which is irrelevant
for the present discussion)
Ps ∼ ∆2ζ ∼
λ
ξ2
N2
72π2
(6)
where N ∼ 60 is the relevant number of e-folds and ∆2ζ = 2.4 × 10−9 [9]. Further, appro-
priately transforming the slow roll parameters, it is easily seen that nˆs = ns. Following
[3],
nˆs = 1− 2ǫˆ− 2αˆ (7)
where
ǫˆ ∼ 1
κ2
(
Vˆ,φˆ
Vˆ
)2
= 1.5× 10−41 + 6ξ
6ξ
(
70
N(tˆk)
)2
(8)
αˆ ∼ 1
κ2


(
Vˆ,φˆ
Vˆ
)2
− Vˆ,φˆφˆ
Vˆ

 = 1.4× 10−2( 70
N(tˆk)
)
+ 3× 10−41 + 6ξ
6ξ
(
70
N(tˆk)
)2
(9)
From Eq.(6) it is clear that for the natural expected values of λ ∼ O(10−2 − 10−1),
ξ ∼ few × 104 is needed. Following a similar line of reasoning, [4] found ξPs ∼ 44700
√
λ in
the context of Higgs inflation model, assuming ξ >> 1. What is important is to note that
in this regime of ξ values, the constraints from the CMB power spectrum imply ξPs ∝
√
λ.
On the other hand, one could make use of Eq.(7) to obtain a constraint on ξ. This may
have a certain advantage over the CMB power spectrum constraint since in the slow roll
approximation ( at least to the leading order in slow roll parameters), all the quantities
entering the relation are ratios of the derivatives of the potential and the potential itself,
4thereby canceling the dependence on the coupling constant. Plugging ns = 0.971 [9], one
finds ξns ∼ 0.13, which is not too different from ξ = 1/6 ∼ 0.17. However, at this point
what is important to note is the fact that the two values of ξ obtained above are in total
contradiction to each other. This, we believe is well known to experts but is often not stated
explicitly.
A priori ξ can take any value and it would be good if based on some physical (and/or
mathematical) requirements and consistency, a range of values for ξ could be identified (see
[5], [10], [11] for a clear discussion on various possibilities and restrictions; see also [12]). In a
quantum field theory setup, a non-zero ξ appears or is rather forced upon us due to quantum
corrections even if the classical action has ξ = 0. It was shown [13] that an improvement
term is needed in the energy momentum tensor, and the precise form of the improvement
term coincides with the non-minimal term in question. Collins argued further [14] that the
softness and finiteness of the matrix elements of Θµν and Θ
µ
µ (in the context of φ
4 theory)
imply ξ = 1
4
n−2
n−1
, where n is the number of space-time dimensions. For n = 4, one obtains
ξ = 1/6. It is worth mentioning that there is perhaps no unique way to fix the exact form
and parameter dependence of the improvement term and its coefficient [15], and one has
to proceed on a case by case basis depending on the relevant interactions the scalar field
has. Further, within the realm of metric gravity theories, and when the scalar field does
not have a gravitational origin, it is known that the equivalence principle forces ξ to be 1/6
(see [10]). All these observations strongly pointing to ξ = 1/6 in the context of φ4 theory
seem far from being a mere coincidence. ξ = 1/6 for a pure φ4 potential is known not to
lead to inflationary solutions (see [10], [11] for a clear discussion), though such solutions do
exist if m2φ2 and/or cosmological constant terms are also taken into consideration. One
could therefore have these terms present in the action but for all practical purposes they
can be safely neglected, leading to quasi-conformal invariance of the action, at least in the
case when the field values are way bigger than the mass parameter(s) in the theory.
If the above observations are to be taken at the face value, then there is an apparent
puzzle: the disparate values of the non-minimal coupling parameter ξ coming from CMB
power spectrum and spectral index. Assuming a small value of ξ as suggested by above
considerations would imply the return of the problem of small λ. Let us focus on the
Higgs inflation model within the context of SM [4] for concreteness. As mentioned above,
V (Φ) ∝ λ(Φ†Φ − v2)2 −→ λΦ†Φ when |Φ|2 >> v2, which simplifies further by working in
5the unitary gauge where the potential now resembles the quartic coupling of a real scalar
field. Transforming to the Einstein frame and assuming ξ >> 1, the potential takes the form
Vˆ (φˆ) =
λM4
P
4ξ2
(
1− e−
2φˆ√
6MP
)
. Finally imposing the power spectrum constraint, one obtains
ξ ∼ 44700√λ. The large value of ξ is obtained assuming λ ∼ O(0.1), as is relevant for Higgs
physics. It is known that in a quantum field theory the couplings and masses all run with the
energy scale, and within SM, the quartic coupling λ runs in such a way that for the central
values of the parameters like top quark mass and the strong coupling constant, λ becomes
negative (vacuum stability problem [16]) at scales smaller than the GUT scale. This would
imply that Higgs inflation in the context of pure SM would be rather difficult to achieve.
Moreover, it has been argued that tree level unitarity implies that the theory is valid only till
the scales << MP [17]. However, the quartic coupling around that scale, even if one chooses
the SM parameters to avoid negative values of λ at such a scale, flows to a rather small
value, leading to an apparent conflict. The way around is to realise that ξ also runs and
satisfies its own renormalization group equation (RGE). It is the ratio λ/ξ2 that is needed
to be held at a small value consistent with ∆2ζ . Theoretical consistency requires adding to
the Lagrangain (in the Jordan frame) terms corresponding to the external gravitational field
(beyond the R term already taken into account [18]):
LG = Λ + a1R2 + a2C2µναβ + a3G + a4R (10)
where Λ is the cosmological constant, Cµναβ is the Weyl tensor and G is the Gauss-Bonnet
invariant. An additional term φ2 has to be added to the scalar sector. Let us quote the
one loop RGEs for λ and ξ (t ≡ ln(µ/MZ)) [4], :
16π2
dλ
dt
= 24λ2 + 12λy2t − 9λ(g2 +
1
3
g′2) + ....
16π2
dξ
dt
=
(
ξ +
1
6
)
[12λ+ .....] (11)
where ellipses represent terms proportional to Yukawa and gauge couplings alone contribut-
ing to the beta functions and are not relevant for the discussion here. Clearly, in principle,
it is possible that λ runs to a small value and so does ξ. In particular, if ξ is close to the
conformal coupling value, it’ll stay close to that value even after running while λ flows to
a very small value, such that an overall consistency with the power spectrum constraints is
obtained. There is however one problem though. λ should remain fairly constant i.e. should
not run in any significant manner for a sufficiently long interval such that enough e-folds are
6possible for successful inflation. We believe that this is known to experts but it is important
to point it out again.
Since the gravitational field is treated as an external field, the quartic coupling beta func-
tion does not involve any dependence on ξ. One could attempt a better treatment by trying
to look at the linearized gravity and considering perturbative graviton corrections. Qualita-
tively, this will also mean extra bosonic contribution to the quartic coupling which may help
soften the vacuum stability problem to some extent. Such a perturbative treatment, though
simpler, may be challenged on the grounds of renormalizability. Weinberg had suggested
long ago [19] that gravity may have a fixed point in the ultraviolet (UV). This is referred
to as asymptotic gravity or asymptotically safe gravity. There has been a lot of activity
in this direction lately (see [20] for an overview). The method relies on non-perturbative
exact renormalization group (EREG). Theories with gravity coupled to matter have also
been investigated [21]. It is generally found that it is quite conceivable that there exist
non-trivial fixed points in the UV. We may therefore expect that full SM coupled to gravity
will have UV fixed point. Weinberg [23] discussed the possibility of viable inflation within
the asymptotic gravity context. In [24] it was pointed out that the scale of inflation and
the scale at which the fixed point exists are not the same and there may be issues regarding
the number of e-folds in such a situation. It was also suggested that coupling with matter
may lead to some differences. In view of all these observations and evidences in favour of
a fixed point for various toy theories considered, we conjecture that SM plus gravity will
exhibit a fixed point in UV. We may further hope that the flow of the couplings towards
the fixed point is rather slow/modest between the GUT scale and the Planck scale. If this
does happen to be the case, then Higgs inflation with a small ξ will become a naturally
viable scenario, completely consistent with the constraints from CMB power spectrum and
spectral index. A small value of ξ also means that the unitarity problem related to Higgs
inflation models may no longer be an issue to worry about.
Till now the discussion has been around a preferred value of ξ and observational con-
straints. Let us ask if ξ is needed at all in the first place. As mentioned above, there are
reasons to believe that a non-zero ξ is required. Most notably, in the context of quantum
theory, ξ gets introduced due to quantum effects and finiteness of the matrix elements of the
energy momentum tensor tends to fix ξ, depending on the potential and other interactions
involved. Let us therefore accept that a non-zero ξ is indeed imposed upon us. This defines
7the Jordan frame action. The usual strategy employed then is to make a conformal transfor-
mation to change frames and go to a description where there is no trace of the non-minimal
coupling. At this stage, one may again invoke the restrictions and consistency conditions
imposed by the quantum theory. Although a change of variables has an effect of getting
rid of the non-minimal term, the theory expressed in terms of the redefined variables is still
going to be quantized. After all, the power spectrum or any other correlation function will
be calculated employing the quantum fluctuations of the scalar field about the background
value. We can not, therefore, just stop at calculating the tree level correlation function,
but in the redefined theory must ask exactly the same questions about the renormalization
and finiteness of the matrix elements of the energy momentum tensor, now defined in terms
of the new field variable. Once such questions are asked, a non-minimal term will become
unavoidable, and depending upon the exact form of the potential in terms of the redefined
field variable, a value or range of ξ will emerge. We are therefore led to the following gen-
eral conclusion: in the end, conformal transformations may not eliminate the non-minimal
coupling altogether when considering a quantum theory. Exceptions may exist when the
potential in the redefined variables assumes a rather special or completely trivial form.
In passing let us also mention that a very interesting way of generating scale invariant
cosmological perturbations was proposed in [25] by conformally coupling the scalar field with
a negative quartic potential. Somewhat different and more general mechanism is suggested
in [26], wherein the field is minimally coupled to gravity and negative quartic potential is
employed as a toy example of a rather general class of models. In either case, the basic
idea (not getting into the differences between the two approaches) is that the scalar field
rolls down the negative potential rapidly and ends up generating scale invariant spectrum.
Since the Higgs quartic coupling is expected to turn negative at some point, the Higgs could
play the role of the relevant scalar field in such scenarios. Again, a conformal coupling is
in accord with the above observations. An attempt to achieve this in the context of inert
two Higgs doublet model has been made in [27] by coupling the Higgs fields conformally to
gravity.
In this article we have revisited the non-minimal coupling of the inflaton field, with the
aim of identifying arguments that may help in pin pointing the value or range of the non-
minimal coupling ξ. Some of the arguments have appeared before in the literature. We have
argued that invoking the conditions of renormalizability and finiteness of the matrix elements
8of the energy momentum tensor for a given potential may help in fixing ξ. Specifically, for
φ4 potential, this leads to ξ = 1/6, a value that is also preferred if equivalence principle is
invoked. It may seem surprising to note that in the leading order in slow roll parameters,
imposing the constraints derived from ns leads to a value of ξ which is not too different from
1/6. We believe that this is not a mere coincidence and there is perhaps a much deeper
reason for this. A large non-minimal term is required to have the correct value of the CMB
power spectrum if the quartic coupling has to have its natural value i.e. λ ∼ O(0.1). This is
what is needed in the Higgs inflation models. However, as we have argued, the Higgs quartic
coupling in SM tends to a very small value at the typical scale of inflation, if not negative
signaling vacuum instability. Further, we have pointed out that SM coupled to full SM may
exhibit a non-trivial fixed point in the ultra-violet. If this does turn out to be correct, it
will not only lead to a viable Higgs inflation model but also ameliorate vacuum stability
problem. It is also worth mentioning that when the scalar field considered does not have
a particle physics origin then the RGE governing the running of its quartic coupling will
be different than what it is in say SM. In that case, some changes can be expected. Based
on quantum field theoretic arguments, we also reach a somewhat strong conclusion that
conformal transformations may not eliminate the non-minimal coupling completely except
in cases when the potential in expressed in terms of the redefined variables assumes a very
specific or a trivial form. This, we believe, will have implications for a wide class of models
of inflation, and constitutes a key result of the present article.
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